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D�E F-G?H IJHLKNM�O5E F/PRQNHTS

I!U/V�WNHLXRYZG[V�KTY0\L]�^�H_YZQ`V�G?H_YZacb�P�dfeg\ih h V�jiVJ\L]@klK`jia K`V�V�XZa K`jNdNm�n`a KNMpoidNq-K`KNH[F-K`a riV�XBPRa YsoidfegQ`V�K`KNHLa

tiuiu[uTviw d`xyKNMpacH

S!U/V�WNHLXRYZG[V�KTY-\L]@^�H_YZQ`V�G?H_YZacb�P�dpxyKNMpacHLK�xyKNPsYZa YZnpYZV<\L]@z{V|bBQ`K`\ih \ijio}^�HiMpXBHiP�dNegQ`V�K`KNHLa tiuiu�ui~it d�xyKNMpacH
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z6Q`V-¯N\_°�\L]{H<YZQ`a K}±Nh G²\L]{r�acPZb!\inNP�¯Nn`acM"\_riV�X�H�PRG[\�\LYZQ"XZ\LYBH_YZa K`j�MpacPR³[QNHiP6H_YRYZXBHib�YZV|M[YZQ`VJH_YRYZV�KTYZa \iK

\L]´PRV�riV�XBHLhpa K�riV|PsYZa jTH_YZ\iXBP.a K}PZb!a V�KNb!V-HLKNM[V�K`jia K`V�V�XZa K`j5Mpn`V0YZ\<a YBPlV�K`\iXZG[\inNP�HLW`W`h acb�H_YZa \iKNP�a K?G?HLK�o�a KNMpnNPsµ

YZXZacHLhCW`XZ\pb!V|PZPRV|PlYZQNH_Y0XBHLK`jiV/]¶XZ\iG
YZQ`VJa KTYZV�KNPRa ±fb�H_YZa \iK�\L]{Q`V|H_Y-HLKNM"G?HiPZPgYZXBHLKNPs]¶V�X�W`XZ\pb!V|PZPRV|P�a K�bBQ`V�G[acb�HLh

XZV|Hib�YZ\iXBP0YZ\�Wf\_°-MpV�XJW`XZ\pMpnNb�YZa \iK·a K·G[V!YBHLh h n`XZjioiE<z6Q`V[W`XZ\pMpnNb�YZa \iK�\L]gYZQ`a K·±Nh G?P�\iK¸PRn`¹NPsYZXBH_YZV|P/W`hcHib!V|M

a K}YZQ`VJjiXZ\�\_riV|P�\L].H�XZ\LYBH_YZa K`j�MpacPR³?acP�XZV!]¶V�XZV�V|M[YZ\[HiP/º »�W`a K�eg\TH_YZa K`jN¼Ta K�h a YZV�XBH_YZn`XZV�HLKNM?YZQ`acPgYZV|bBQ`K`ac½Tn`V�acP

V�G[W`h \_oiV|M�a K[b!\TH_YZa K`j5H�riV�XZo5YZQ`a K?HLKNM�n`K`a ]¶\iXZG¾±Nh G+\L]fW`Q`\LYZ\iXZV|PRacPsY�\iK[PRa h acb!\iK�°6H_]¶V�XBP{]¶\iX�a KTYZV�jiXBH_YZV|M�b!a XRµ

b!n`a YBPl\iX�\L]�H5hcH�oiV�X@\L]�riV�XZo5YZQ`a K?G?HLjiK`V!YZacb6WNHLa KTYl\iK�YZQ`V/PRn`¹NPsYZXBH_YZVidiG?HLjiK`V!YZacb0PsYZ\iXBHLjiV6MpacPR³pP�dL]¿HL¹`XZacb�H_YZa \iK

\iK"YZQ`a K�n`K`a ]¶\iXZG²hcH�oiV�XBP�\L].W`hcHiPsYZacb5PZb!a KTYZa h hcH_YZ\iX6\iK�PRn`W`Wf\iXRYZa K`j}HLh n`G[a K`a À�V|M"G�o�hcHLX-HLKNM�PR\[\iK´E

xyK·PRW`a YZV�\L]�YZQ`V[Mpa Á}b!n`h YZa V|P�a K�G[\pMpV�h a K`j}YZQ`acP/¯N\_°ÂG?H_YZQ`V�G?H_YZacb�HLh h o�Mpn`V<YZ\}YZQ`V�r_HLXZacH_YZa \iK�\L]gHib�b!V�h µ

V�XBH_YZa \iK�HLh \iK`j[YZQ`V�XBHiMpa nNP�dNYZQ`V<¯N\_°Â\_riV�X/H}PRW`a K`K`a K`j�MpacPR³�QNHiP-h V�KTY�a YBPRV�h ]lG[\iXZV<KNH_YZn`XBHLh h o"YZ\}Wf\LYZV�KTYZacHLh

YZV|bBQ`K`\ih \ijiacb�HLh@V!ÃpW`h \ia YBH_YZa \iKÄMpn`V[YZ\�YZQ`V}Wf\TPZPRa ¹`a h a Yso·\L]0b!\iKTYZXZ\ih h a K`j"YZQ`V}h \pb�HLhlHib�b!V�h V�XBH_YZa \iKNP�E}z6Q`V[±NKNHLh

YZQ`acbB³�K`V|PZPJ\L]gYZQ`V�±Nh GÅHLKNM�YZQ`V[n`K`a ]¶\iXZG[a Yso�a K¸YZQ`V�YZQ`acbB³�K`V|PZP5HLXZV[b!V�KTYZXBHLh@acPZPRn`V|P�a K¸YZQ`V|PRV?HLW`W`h acb�H_YZa \iKNP

HLKNM�YZQ`V�o�HLXZV5\i¹NPRV�XZriV|M"YZ\"¹fV<a Kp¯Nn`V�KNb!V|M�¹�o�PRV�riV�XBHLhC]¿Hib�YZ\iXBP/PRnNbBQ�HiP0YZQ`V<r�acPZb!\TPRa Yso�\L]@YZQ`V�h ac½Tn`acM�±Nh G�d

Mpa ÆCV�XZV�KTY/PRW`a KpµÇn`W�W`XZ\LYZ\pb!\ihcP�dpQ`V|H_Y-HLKNM"G?HiPZP�YZXBHLKNPs]¶V�X0W`XZ\pb!V|PZPRV|P6HLKNM�PR\�\iK´E

»�a KNb!V<YZQ`V�W`a \iK`V�V�XZa K`j"PsYZnNMpo�¹�o�klG?PRh a V�È!É/Ê_Ë Ì}ÍsÎ|Ï wLÐTÑ \iK�YZQ`V�Q�opMpXZ\pMpo�KNHLG[acb<HLKNHLh opPRacP-\L]lYZQ`V�¯N\_°

\L]lH?Ò-V�°6YZ\iK`acHLK�¯Nn`acM�\iK�H?PRW`a K`K`a K`j"MpacPR³CdfH[K�n`G�¹fV�X/\L].YZQ`V�\iXZV!YZacb�HLh{HLKNM�V!ÃpWfV�XZa G[V�KTYBHLh{PsYZnNMpa V|P-\L]@YZQ`V

PRW`a Kpµyb!\TH_YZa K`j�W`XZ\pb!V|PZPJYZQNH_Y�a KNb!h nNMpV}G[\pMpV�h a K`j�\L]0¯N\_°Ó\_riV�X�H�XZ\LYBH_YZa K`j�MpacPR³Cd@°6H�riV[jiV�K`V�XBH_YZa \iKÔa KÄYZQ`V

h ac½Tn`acM�±Nh GÕG[\_r�a K`j¸\iKÖYZQ`V�PRn`XR]¿Hib!V�\L]5H¸XZ\LYBH_YZa K`jÔMpacPR³ÖHLKNM8YZQ`V�PsYBHL¹`a h a Yso�bBQNHLXBHib�YZV�XZacPsYZacb�P�\L]JH·YZQ`a K

±Nh G×\iK¸H}XZ\LYBH_YZa K`j�PRn`¹NPsYZXBH_YZVid�QNH�riV�¹fV�V�K¸XZV�Wf\iXRYZV|M8Í¿O0V�acPs]¶V�hcMØÈ!É�Ê_Ë Ì dlÎ|ÏiÏ`ÎiÙ�ÚJa YBHLG�n`XBH`d vLuiu ÎiÙ�F/PRQNHÔÈ!É

Ê_Ë Ì d vLuiuTwiÑ E�z6Q`V[W`XZV|PRV�KNb!V[PsYZnNMpo¸HiM`MpXZV|PZPRV|P-YZQ`V}Mpo�KNHLG[acb�PJHLKNM¸PsYBHL¹`a h a Yso·bBQNHLXBHib�YZV�XZacPsYZacb�P/\L]6H�r�acPZb!\inNP
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b!\iKNMpnNb�YZa K`j�±Nh G \_riV�X0H[PRW`a K`K`a K`j?MpacPR³}a K�YZQ`V5W`XZV|PRV�KNb!V�\L]@H�YZXBHLKNPRriV�XBPRV�G?HLjiK`V!YZacb/±NV�hcM�E�xÇY0acP0\i¹NPRV�XZriV|M

YZQNH_Y?a Kp±NK`a YZV|PRa G?HLh/MpacPsYZn`XZ¹NHLKNb!V|P[MpV|b�H�oÔ]¶\iX?PRG?HLh h0°6H�riV"K�n`G�¹fV�XBP�]¶\iX}Mpa ÆCV�XZV�KTY?r_HLh n`V|P[\L]��/HLXRYZG?HLK`K
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eg\iKNPRacMpV�X0H�±Nh G \L].r�acPZb!\inNP0b!\iKNMpnNb�YZa K`j[¯Nn`acM�\iK�H[XZ\LYBH_YZa K`j[MpacPR³CElq PRopPsYZV�G \L]@b!o�h a KNMpXZacb�HLh´b!\�\iXBMpa µ

KNH_YZV|P<Í���������� Ñ YZQNH_Y�XZ\LYBH_YZV|P6°0a YZQ�YZQ`V�MpacPR³�H_Y�HLK�HLK`jin`hcHLX0riV�h \pb!a Yso�� HL¹f\inpY-YZQ`V��LµyH_ÃpacP6acP0nNPRV|M�df°0Q`V�XZV�?G[V|HiPRn`XZV|P-YZQ`V�XBHiMpacHLh.MpacPsYBHLKNb!V<]¶XZ\iG YZQ`V[b!V�KTYZV�X�\L]�YZQ`V[MpacPR³Cd��"acP/YZQ`V[HLK`jih V5]¶XZ\iG×PR\iG[V<±`ÃpV|M�XBHiMpacHLh
h a K`V<a K�YZQ`V�Q`\iXZa À�\iKTYBHLh�W`hcHLK`V�HLKNM��}G[V|HiPRn`XZV|P�YZQ`V�MpacPsYBHLKNb!V5riV�XRYZacb�HLh h o"n`W�°6HLXBM"]¶XZ\iG²YZQ`V�PR\ih acM�PRn`XR]¿Hib!V
\L]�YZQ`V�MpacPR³CE�q¾n`K`a ]¶\iXZG G?HLjiK`V!YZacb5±NV�hcM �"!�Hib�YBP/WNHLXBHLh h V�h�YZ\}YZQ`V[H_ÃpacP-\L]lXZ\LYBH_YZa \iK�\L]�YZQ`V[MpacPR³ÔÍ$#.a jin`XZV
Î Ñ Elz6Q`V�h ac½Tn`acM�µÇjTHiP�a KTYZV�XR]¿Hib!V�acP6h \pb�H_YZV|M�H_Y%�'&)({Í�����* Ñ d`°0Q`V�XZV�(�acP�YZQ`V�±Nh G²YZQ`acbB³�K`V|PZP6HiP6H�]¶n`KNb�YZa \iK�\L]��HLKNM�*�Elz6Q`VJK`\iKpµyMpa G[V�KNPRa \iKNHLh�ji\_riV�XZK`a K`j�V|½TnNH_YZa \iKNP0HLKNM"¹f\in`KNM`HLXZo"b!\iKNMpa YZa \iKNP0HLXZV
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z6Q`V"V�ri\ih npYZa \iKÔV|½TnNH_YZa \iKÄacP�PR\ih riV|M¸K�n`G[V�XZacb�HLh h o¸nNPRa K`jÔegXBHLK`³TµyÒ-acb!\ihcPR\iK·±NK`a YZV!µyMpa ÆCV�XZV�KNb!V�PZbBQ`V�G[V"HLKNM

YZQ`V/XZV|PRn`h YBP�]¶\iXlYZQ`V/±Nh GÓYZQ`acbB³�K`V|PZPgHLKNM�YZQ`V/a Kp¯Nn`V�KNb!V/\L]´G?HLjiK`V!YZacb6±NV�hcM?\iK?YZQ`V/XBH_YZV-\L]�YZQ`a K`K`a K`j�°0a h hf¹fV

MpacPZb!nNPZPRV|M�Mpn`XZa K`j�YZQ�YBHLh ³CElxyK�°0QNH_Y0]¶\ih h \_°-P�d�YZQ`V�PsYBHL¹`a h a Yso�bBQNHLXBHib�YZV�XZacPsYZacb�Pg\L]0Í�� Ñ MpV|PZb!XZa ¹`a K`j�YZQ`V<PRQNHLWfV

\L].YZQ`VJ±Nh G²YZQ`acbB³�K`V|PZP0HiP0H�]¶n`KNb�YZa \iK�\L]@PRWNHib!V5HLKNM"YZa G[V5acP6V!Ã`HLG[a K`V|M�nNPRa K`j[h a K`V|HLX6YZQ`V�\iXZoiE
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q/P´YZQ`Vg±Nh G¾acP.MpXBHLa K`a K`j�Mpn`VgYZ\�b!V�KTYZXZa ]¶n`jTH_YZa \iK´d�YZQ`V�¹NHiPRacbgPsYBH_YZVgacP{YZa G[V6MpV�WfV�KNMpV�KTY�HLKNM<a Y@acP@HiPZPRn`G[V|M

YZ\"¹fV�¯fH_Y|E5z6Q`V�±Nh G YZQ`acbB³�K`V|PZP/acP/a KNMpV�WfV�KNMpV�KTY5\L]�YZQ`V�XBHiMpacHLh.Wf\TPRa YZa \iK·HLKNM�YZQ`V�ji\_riV�XZK`a K`j?¹NHiPRV�PsYBH_YZV

¹fV�QNH�r�a \in`X6acP0\i¹pYBHLa K`V|M�HiP

�( 3 5 v
~ ] 5 v �(J B ? v PRa K`Q J �(J Q b!\TPRQ J �( 5G+-,/.;~ Î>`gPRa K`Q J �(

~ J�� b!\TPRQ Q J �( 5 t Î{PRa K`Q v J �(
t J�� b!\TPRQ B J �( ? Î ~ �(

~ J�� b!\TPRQ B J �(? v �(J�� b!\TPRQ T J �( ? Î u �(J�� ? ` �( B PRa K`Q J �(J�� b!\TPRQ Q J �( 5 ` ] Í¿b!\TPRQ J �( ? Î Ñ~ J T b!\TPRQ B J �( ? v^] �(0PRa K`Q J �(
~ J Q b!\TPRQ Q J �( � & u Í ÐTÑ

°0a YZQ �({Í uTÑ & ÎiEk#.a jin`XZV v PRQ`\_°-P.YZQ`V-¹NHiPRacb0PsYBH_YZV6±Nh G+YZQ`acbB³�K`V|PZP@]¶\iXlW`XZa KNb!a WNHLh`r_HLh n`V|P�\L]CYZQ`V0V�r_HLWf\iXBH_YZa \iK
WNHLXBHLG[V!YZV�X ] HLKNM�YZQ`VP�/HLXRYZG?HLK`K¸K�n`G�¹fV�X J E�xÇY<acPJ\i¹NPRV�XZriV|M�YZQNH_YJ±Nh G×YZQ`acbB³�K`V|PZPJMpV|b!XZV|HiPRV|P�G[\iK`\Lµ
YZ\iK`acb�HLh h o�HiP6YZa G[V�ji\�V|P6YZ\�� E6z6Q`V<V!ÆCV|b�Y�\L]F�/HLXRYZG?HLK`K�K�n`G�¹fV�X J acP0YZ\}V�K`QNHLKNb!VJYZQ`V5±Nh G>YZQ`acbB³�K`V|PZP

a XZXZV|PRWfV|b�YZa riV0\L]CYZQ`V/r_HLh n`V-\L]�V�r_HLWf\iXBH_YZa \iK[WNHLXBHLG[V!YZV�X ] E�klr_HLWf\iXBH_YZa \iK?HLKNM?MpXBHLa KNHLjiV0HLXZV0YZQ`V/b�HLnNPRV|P�]¶\iX
YZQ`a K`K`a K`j�\L]lYZQ`V�¯Nn`acM�hcH�oiV�X/°0Q`V�K ]��Âu E5q/P��/HLXRYZG?HLK`K·K�n`G�¹fV�X�a KNb!XZV|HiPRV|P�dNYZQ`V�±Nh G YBHL³iV|P�H}h \iK`jiV�X
YZa G[VJYZ\[YZQ`a K�Mp\_°0K"YZ\?H[W`XZV|PZb!XZa ¹fV|M}Q`V�a jiQTY|E
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z6Q`V�h a K`V|HLXZacPRV|M�MpacPsYZn`XZ¹NHLKNb!V�V|½TnNH_YZa \iK�acP.\i¹pYBHLa K`V|M<]¶XZ\iG V|½TnNH_YZa \iK�Í�� Ñ ¹�o<WfV�XRYZn`XZ¹`a K`j/YZQ`V6¹NHiPRacb�PsYBH_YZV

¹�o�H}PRG?HLh h@HLG[\in`KTY	�ÄÍ ( & �({Í�* Ñ 5�� ��Í�����* ÑRÑ HLKNM�PRn`¹NPsYZa YZnpYZa K`j�a K�Í�� Ñ HLKNM�h a K`V|HLXZacPRa K`j}a K¸MpacPsYZn`XZ¹NHLKNb!V
HLG[W`h a YZnNMpV[º � ¼NHiP
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#.a jin`XZV·ÎiE�»pbBQ`V�G?H_YZacb}XZV�W`XZV|PRV�KTYBH_YZa \iKÄ\L]
±Nh G²¯N\_° \iK�H[Q`V|H_YZV|M"XZ\LYBH_YZa K`j[MpacPR³CE

#.a jin`XZV v E?D6HiPRacb�PsYBH_YZV�±Nh G×YZQ`acbB³�K`V|PZP/]¶\iX5W`XZa Kpµ
b!a WNHLhfr_HLh n`V|Pg\L]´YZQ`V�V�r_HLWf\iXBH_YZa \iK?WNHLXBHLG[V!YZV�X�HLKNM

Mpa ÆCV�XZV�KTY-r_HLh n`V|P6\L]k�/HLXRYZG?HLK`K�K�n`G�¹fV�X|E
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(a) M = 0, k = 4.5, Re 6.0 (b) M = 2, k = 19.5, Re 6.0
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#.a jin`XZV ~ E"Ò-\iXZG?HLh�G[\pMpV"HLG[W`h a YZnNMpV[]¶\iX�H�MpacPsµ
YZn`XZ¹NHLKNb!V�°0Q`V�K ,/. & t � v � + & u � u Î � ] & u HLKNMJ & u � v EÄÍ¿H Ñ »TYBHL¹`h V·Í¶¹ Ñ z{XBHLKNPRa V�KTYZh o¸PsYBHL¹`h V
Í¿b Ñ F-KNPsYBHL¹`h ViE
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